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Novel soliton in dipolar BEC caused by the quantum fluctuations
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Solitons in the extended hydrodynamic model of the dipolar Bose-Einstein condensate with quan-
tum fluctuations are considered. This model includes the continuity equation for the scalar field of
concentration, the Euler equation for the vector field of velocity, the pressure evolution equation
for the second rank tensor of pressure, and the evolution equation for the third rank tensor. Large
amplitude soliton solution caused by the dipolar part of quantum fluctuations is found. It appears
as the bright soliton. Hence, it is the area of compression of the number of particles. Moreover, it
exists for the repulsive short-range interaction.
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Dipolar Bose-Einstein condensates (BECs) demon-
strate the formation of quantum droplets [1], [2], [3], [4],
[5], [6], [7], [8], [9], [10], [11], [12], [13], [14], [15], [16],
[17], [18], [19], [20]. Each droplet is the small cloud of
atoms, which can be considered as the soliton-like area
of increased concentration. System of droplets is the
highly nonlinear structure explained via the dipolar part
of the quantum fluctuations via the generalized Gross-
Pitaevskii (GP) equation including the fourth order non-
linearity.
The traditional GP equation contains one nonlinear
term which is proportional to the third degree of the
macroscopic wave function [21]. This nonlinearity is
caused by the major part of the short-range interaction
contribution. In spite the fact that the BECs is the collec-
tion of particles in the quantum state with the lowest en-
ergy, a part of particles can exist in the exited states even
at the zero temperature. It happens via the interaction
beyond the mean-field approximation. This phenomenon
is called the BEC depletion caused by the quantum fluc-
tuations. It is studied both theoretically [22], [23], [24],
[25] and experimentally [26], [27], [28]. If one considers
the quantum fluctuations caused by the short-range in-
teraction within the Bogoliubov-de Gennes theory one
can find additional nonlinear term in the GP equation
which is also caused by the short-range interaction, but
it is proportional to the fourth degree of the macroscopic
wave function. It contains same interaction constant as
the traditional GP equation.
The dipolar BEC has long history of study over the
last 20 years [29], [30], [31], [32], [33], [34], [35], [36], [37],
[38]. The nonsuperfluid fermionic dipolar gases are also
considered in literature [39], [40]. Traditionally the con-
densate depletion is studied in terms of Bogoliubov-de
Gennes theory [41], [42], [43]. It includes the depletion
of the dipolar BECs. However, here we present the mi-
croscopic many-particle quantum hydrodynamic theory
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of the quantum fluctuations.
Although, the dipole-dipole interaction modifies prop-
erties of nonlinear structure in BECs including the width
and the amplitude of the bright and dark solitons in the
BECs [44]. To the best of our knowledge, the dipole-
dipole interaction brings no novel soliton formation. In
Ref. [44] the analytical solutions are demonstrated for
the dipole-dipole interaction of the point-like objects.
Here, it is found that the dipolar part of quantum fluc-
tuations causes the soliton solution.
Recently, the microscopically justified quantum hy-
drodynamic model describes the quantum fluctuations
via the equations additional to the Euler and continuity
equations [45], [46]. The interparticle interaction creates
the source of the third rank tensor Qαβγ , which gives the
nonzero value of kinetic pressure pαβ. Both the kinetic
pressure and the third rank tensorQαβγ are related to the
occupation of the excited states. Their nonzero values for
the BECs are the consequence of the quantum fluctua-
tions in BECs. The pressure evolution equation contains
no trace of the interaction. Hence, its value depends on
the third rank tensor Qαβγ only. The third rank tensor
evolution equation contains the gradient of the concen-
tration square n2 multiplied by the additional interaction
constant for the short-range interaction. The long-range
dipole-dipole interaction leads to the third derivative of
the macroscopic potential of the dipole-dipole interac-
tion. However, no contribution of the external field, such
as the trapping potential, is present in this equation.
The description of collisions of solitons in BECs re-
quires models obtained beyond the mean-field approxi-
mation [47], [48], [49], [50]. In this paper we demonstrate
that the described above beyond mean-field model pro-
vides a novel soliton solution in dipolar BECs.
Novel soliton solution in dipolar BECs is found in
terms of the extended quantum hydrodynamic model,
where the continuity equation for the scalar field of con-
centration n, the Euler equation for the vector field of
velocity v, the pressure evolution equation for the second
rank tensor of pressure pαβ, and the evolution equation
for the third rank tensor Qαβγ are used. In this model,
2the quantum fluctuations are presented in the equation
for the third rank tensor evolution. This model repre-
sents the microscopic motion of the quantum particles
via the functions describing the collective dynamics [51],
[52], [53], [54], [55], [56], [57], [58], which is described by
the many-particle Schrodinger equation:
ıh¯∂tΨ(R, t) =
[
N∑
i=1
(
pˆ
2
i
2m
+ Vext(ri, t)
)
+
1
2
∑
i,j 6=i
Uij +
1
2
µ2
∑
i,j 6=i
1− 3r2z,ij/r2ij
r3ij
]
Ψ(R, t), (1)
where m is the mass of the atom, pˆi = −ıh¯∇i is the
momentum of i-th particle, h¯ is the Planck constant, µ
is the magnetic moment of the atom, Ψ(R, t) is the wave
function for the system of N quantum particles, R =
{r1, ..., rN}, Vext is the external potential. The short-
range part of boson-boson interaction is presented via
potential Uij = (rij), where rij =| rij |, and rij = ri−rj .
The long-range dipole-dipole interaction of align dipoles
is presented by the last term of the Schrodinger equation
(1).
Transition to the description of the collective motion of
bosons is made via the introduction of the concentration
(number density) [54], [59], [60], [61]:
n =
∫
dR
N∑
i=1
δ(r− ri)Ψ∗(R, t)Ψ(R, t). (2)
The integral in equation (2) contains the element of vol-
ume in 3N dimensional space dR =
∏N
i=1 dri.
The derivation [60] shows that the concentration (2)
obeys the continuity equation
∂tn+∇ · (nv) = 0. (3)
The current of particles is proportional to the momen-
tum density and presented by the following equation
j =
∫
dR
N∑
i=1
δ(r− ri)×
× 1
2mi
(Ψ∗(R, t)pˆiΨ(R, t) + c.c.), (4)
with c.c. is the complex conjugation. The current allows
to define the velocity vector field: v = j
n
.
The evolution of the current (4) follows from the
Schrodinger equation (1) and can be presented by the
Euler equation:
mn∂tv
α +mn(v · ∇)vα − h¯
2
2m
n∇α△
√
n√
n
+ ∂βT
αβ
qf
+ n∂αVext = −gn∂αn− n∂αΦd, (5)
where △ = ∂β∂β , and the Einstein’s rule for the summa-
tion on the repeating subindex is applied.
Major contribution of the short-range interaction ap-
pears in the mean-field approximation [21] corresponding
to the first order by the interaction radius [60]. It is pre-
sented by the first term on the right-hand side of the
Euler equation (5). It contains the interaction constant
g expressed via the potential:
g =
∫
drU(r). (6)
The long-range of interaction is presented in the cor-
relationless form corresponding to the main contribution
of the interaction via the macroscopic electrostatic po-
tential:
Φd = µ
2
∫
dr′
1
|r− r′|3
(
1− 3(z − z
′)2
|r− r′|2
)
n(r′, t). (7)
The dipole-dipole interaction presented by potential
(7) is not full dipole-dipole interaction, but the long-
range asymptotics of atom-atom interaction. Potential
(7) satisfies the following differential equation
△Φd = 4piµ2(∂2zn−△n), (8)
which is the modification of the Poisson equation. Equa-
tion (8) is derived for the arbitrary directions of the pair
of dipoles with the further transition to the pair of aligned
dipoles.
The evolution of the particles current j (4) leads to the
flux of momentum Παβ which is defined as follows
Παβ =
∫
dR
N∑
i=1
δ(r− ri) 1
4m2
[Ψ∗(R, t)pˆαi pˆ
β
i Ψ(R, t)
+ pˆα∗i Ψ
∗(R, t)pˆβi Ψ(R, t) + c.c.]. (9)
Equation (5) contains the momentum flux represented
via the velocity field.
The continuity equation and the Euler equation are
presented via the velocity field. Transition of the gen-
eral equations to this form can be made by the represen-
tation of the macroscopic wave function Ψ(R, t) via the
real functions Ψ(R, t) = a(R, t) exp(ıS(R, t)/h¯). The real
functions can be called the amplitude of the wave func-
tion a(R, t), and the phase of the wave function S(R, t).
The gradient of the wave function gives the velocity of the
quantum particle: vi(R, t) = ∇iS(R, t)/mi. The devia-
tion of the velocity of quantum particle from the average
velocity ui(r, R, t) = vi(R, t) − v(r, t) can be called the
thermal velocity, or it is the velocity in the local comov-
ing frame.
Final expression for the momentum flux is obtained in
the following form:
Παβ = nvαvβ + pαβ + Tαβ, (10)
3where the tensor function pαβ in equation (10) is the
kinetic pressure
pαβ(r, t) =
∫
dR
N∑
i=1
δ(r− ri)a2(R, t)miuαi uβi , (11)
and the simplified form of the second rank tensor Tαβ is
found as follows:
Tαβ = − h¯
2
4m
(
∂α∂βn− 1
n
(∂αn)(∂βn)
)
+ Tαβqf . (12)
The BEC is the collection of particles in the quantum
state with the lowest energy. It corresponds to the zero
temperature T = pββ/3n. Therefore, the zero kinetic
pressure is the characteristic of the BEC. However, we
can consider the pressure evolution equation. Its deriva-
tion is made for the arbitrary distribution of particles
over quantum states. It corresponds to the arbitrary tem-
peratures. Transition to the zero temperature is made
after derivation of the general equation.
Hence, the derivation of the momentum flux evolution
equation is made by the consideration of the time deriva-
tive of function Παβ (9). Next, we introduce the velocity
field in accordance with the method shown before equa-
tion (10). The final equation reduces to the equation for
the part of the quantum Bohm potential Tαβ (12) caused
by the quantum fluctuations Tαβqf (it can be also inter-
preted as the part of pressure caused by the quantum
fluctuations):
∂tT
αβ
qf +∂γ(v
γTαβqf )+T
αγ
qf ∂γv
β+T βγqf ∂γv
α+∂γQ
αβγ
qf = 0.
(13)
All terms in equation (13) are proportional to Tαβqf and
the flux of pressure in the comoving frame Qαβγqf . Hence,
tensor Qαβγqf goes to zero together with the kinetic pres-
sure at the zero temperature. Hence, equation (13) gives
the identity 0=0. However, it is the quasi-classical de-
scription of the pressure evolution equation. To under-
stand the full quantum picture, we need to derive the
equation for the third rank tensor evolution Qαβγqf at the
arbitrary temperature. Afterwords, we make the transi-
tion to the zero temperature in the derived equation. As
the result we get equation (18) presented below. Equa-
tion (18) shows that ∂tQ
αβγ
qf 6= 0 at the zero tempera-
ture due to the nonzero contribution of the interaction.
Hence, there is the interaction related source of Qαβγqf and
consequently it gives the source of Tαβqf via the pressure
evolution equation. Therefore, the interaction causes the
occupation of the quantum states with nonminimal en-
ergies. This description corresponds to the well-known
nature of the quantum fluctuations [23], [41], [42], [43].
No interaction gives contribution in the pressure evo-
lution equation (13). The form of the trapping potential
does not affect the pressure evolution.
The evolution of the second rank tensor of pressure
leads to the flux of the momentum flux:
Mαβγ =
∫
dR
N∑
i=1
δ(r− ri) 1
8m3i
[
Ψ∗(R, t)pˆαi pˆ
β
i pˆ
γ
iΨ(R, t)
+pˆα∗i Ψ
∗(R, t)pˆβi pˆ
γ
i Ψ(R, t) + pˆ
α∗
i pˆ
γ∗
i Ψ
∗(R, t)pˆβi Ψ(R, t)
+ pˆγ∗i Ψ
∗(R, t)pˆαi pˆ
β
i Ψ(R, t) + c.c.
]
. (14)
Calculations give the following representation of the
third rank tensor Mαβγ via the velocity field and other
hydrodynamic functions:
Mαβγ = nvαvβvγ + vαpβγ + vβpαγ
+ vγpαβ +Qαβγ + Tαβγ , (15)
where we have two new functions. One of them the quasi-
classic third rank tensor in the comoving frame:
Qαβγ(r, t) =
∫
dR
N∑
i=1
δ(r− ri)a2(R, t)uαi uβi uγi . (16)
The quantum part of the tensor Mαβγ is found:
Tαβγ =
h¯2
2m2
[
−1
6
n(∂α∂βvγ + ∂α∂γvβ + ∂β∂γvα)
+ T βγ · vα + Tαβ · vγ + Tαγ · vβ
]
. (17)
Equation for the evolution of quantum-thermal part of
the third rank tensor is [45], [46]:
∂tQ
αβγ
qf +∂δ(v
δQαβγqf )+Q
αγδ
qf ∂δv
β+Qβγδqf ∂δv
α+Qαβδqf ∂δv
γ
=
h¯2
4m2
n
(
g2I
αβγδ
0
∂δn+ ∂α∂β∂γΦd
)
+
1
mn
(Tαβqf ∂
δT γδqf + T
αγ
qf ∂
δT βδqf + T
βγ
qf ∂
δTαδqf ), (18)
where
Iαβγδ
0
= δαβδγδ + δαγδβδ + δαδδβγ . (19)
The main contribution of the short-range interaction
is proportional to the second interaction constant:
g2 =
2
3
∫
drU ′′(r). (20)
It is obtained in the first order by the interaction radius
[60].
4Different versions of the extended hydrodynamics for
various physical systems are presented in Refs. [54], [59],
[62], [63], [64]. Novel approaches to the development of
hydrodynamics are recently presented in Refs. [65] and
[66].
Consider solitons in the uniform boundless BEC with
no restriction on the amplitude of soliton. Hence, we
have no external potential Vext = 0.
Consider the simplified form of the hydrodynamic equa-
tions giving main contribution in the soliton solution.
The continuity equation (3) requires no simplification.
No simplification of the equation of field (8) is required
too.
We drop the traditional part of the quantum Bohm
potential in the Euler equation (5):
mn∂tv
α +mn(v · ∇)vα + ∂βTαβqf
= −gn∂αn− n∂αΦd. (21)
The pressure evolution equation simplifies to two
terms:
∂tT
αβ
qf + ∂γQ
αβγ
qf = 0, (22)
where the quantum Bohm potential Tαβqf is caused purely
by the flux Qαβγqf .
Equation for the evolution of quantum-thermal part of
the third rank tensor is:
∂tQ
αβγ
qf =
h¯2
4m2
n
(
g2I
αβγδ
0
∂δn+ ∂α∂β∂γΦd
)
, (23)
where the interaction on the right-hand sides represents
the quantum fluctuations. It is assumed that the evolu-
tion of the tensor Qαβγqf is mainly caused by the interac-
tion.
There is no independent source of interaction in the
pressure evolution equation (23). Hence, the third rank
tensor Qαβγqf is the single source of interaction in the pres-
sure evolution equation. As it is mentioned above, we
focus on the pressure or the quantum Bohm potential
caused by the quantum fluctuations. Hence, we consider
the interaction caused Tαβqf and drop the kinematic terms
(see equation (23)).
We consider the one dimensional solution. We chose
the direction of wave propagation perpendicular to the
direction of titled dipoles. We seek the stationary solu-
tions of the nonlinear equations. We assume the steady
state in the comoving frame. Therefore, the dependence
of the time and space coordinates is combined in the sin-
gle variable ξ = x − ut. Parameter u is the constant
velocity of the nonlinear solution. Therefore, all hydro-
dynamic functions depend on ξ and u. We also assume
that perturbations vanish at ξ → ±∞. It gives the fol-
lowing reduction of equations (3), (8), (21), (22), (23).
Equation (38) can be integrated to obtain the ”energy
integral” in the following manner
1
2
(∂ξn)
2 +
m2u2
piµ2h¯2
Veff (n) = 0, (24)
where Veff (n) is the Sagdeev potential [67], [68], [69],
[70], [71], [72], [73]:
Veff (n) =
1
2
[(
g−4piµ2− 1
u2
h¯2
4m2
3g2−mu
2
n
)]
(n−n0)2.
(25)
Details of derivation of equations (24) and (25) are pre-
sented in the Supplementary Materials. Moreover, the
estimation of the area of applicability of equations (21),
(22), and (23) is discussed in Supplementary Materials
either.
In order the soliton to exist, the effective potential
Veff (n) should have a local maximum in the point n = 0.
Moreover, equation Veff (n) = 0 should have at least one
real solution n′ 6= 0. This value of concentration n′ de-
termines the amplitude n′ of the soliton as the function
of velocity u.
Equation Veff = 0 can be solved analytically for n 6=
n0:
n′ =
mu2
g − 4piµ2 − 1
u2
h¯2
4m2
3g2
. (26)
Equation (41) allows to introduce the effective dimen-
sionless interaction constant G = (n0/mu
2)(g − 4piµ2 −
3h¯2g2/4m
2u2).
Let us consider the limit of the small dipole-dipole in-
teraction and the small short-range part of the quantum
fluctuations in compare with the mean-field of the short-
range interaction presented by the Gross-Pitaevskii in-
teraction constant g. Hence, we have G ≈ 2g/mu2. We
have soliton solution for the positive interaction constant
G ∼ g > 0 which corresponds to the repulsive short-range
interaction.
The solitary waves exist due to the balance between
the nonlinearities caused by the GP interaction, dipole-
dipole interaction, and short-range part of quantum fluc-
tuations and the dispersion induced by the dipolar part of
quantum fluctuations. The dipole-dipole interaction and
short-range part of quantum fluctuations introduce an
additional negative contribution to the interaction con-
stant of the GP approximation.
To understand the possibility of the soliton existence
in the regime under consideration we study the form of
the Sagdeev potential (41).
The Sagdeev potential (41) is plotted in Fig. (1) for
the positive effective interaction constant. This regime is
chosen since it shows the existence of the soliton solution.
Figures (1) and (2) show that the amplitude of soli-
ton (the value n′, where V (n′) = 0) decreases with the
increase of the effective interaction constant G. The in-
crease of the velocity of soliton u decreases constant G
and, consequently, decreases the amplitude. The increase
5FIG. 1: The Sagdeev potential as the function of the dimen-
sionless deviation ∆ = (n−n0)/n0 of the concentration n from
the equilibrium value n0 (the concentration at the infinity
n0 = n(x = ±∞)) is demonstrated for the value of ∆ below 1
in accordance with the area of applicability of the simplified
hydrodynamic equations in accordance with Supplementary
materials. The Sagdeev potential depends on one parameter
G, which is the combination of the interaction constants in-
cluding the effective interaction constant for the dipole-dipole
interaction gd = 4piµ
2. The figure shows that there is the ”po-
tential gap” in the area of positive deviations ∆. It means that
there is a bright soliton (the area of increased concentration).
FIG. 2: The dimensionless soliton amplitude value for con-
centration n′/n0 as the function of the effective interaction
constant is demonstrated. This dependence is given analyt-
ically by equation (26). Here, the decrease of amplitude n′
corresponds to the decrease of area of negative potential in
Fig. 1. Decrease of G gives the monotonic increase of ampli-
tude n′. Hence, the area of applicability of obtained solution
can be broken. Therefore, this figure shows the restrictions
on the effective interaction constant G.
of the soliton velocity u diminish the role of the short-
range interaction part of the quantum fluctuations in the
effective interaction constant.
The traditional bright and dark solitons in neutral
atomic BEC are caused by the nonlinearity created by
the short-range interaction in the Gross-Pitaevskii ap-
proximation. There are different generalizations of the
Gross-Pitaevkii model include effects beyond the mean-
field approximation. An example of the beyond mean-
field model of BEC has been derived in this paper. The
quantum fluctuations have been included here via the
extended hydrodynamic model which includes the conti-
nuity equation for the scalar field of concentration, the
Euler equation for the vector field of velocity, the pressure
evolution equation for the second rank tensor of pressure,
and the evolution equation for the third rank tensor.
The dipolar part of quantum fluctuations is presented
by the term proportional to the third derivative of the
electrostatic potential. For one dimensional perturba-
tions in the single fluid species the potential is propor-
tional to the variation of the concentration from the equi-
librium value.
Hence, the high derivatives of the concentration ap-
pears in term presenting the dipolar part of quantum
fluctuations.
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7I. SUPPLEMENTARY MATERIALS
A. One dimensional limit of hydrodynamic
equations
We consider the one dimensional solution. We chose
the direction of wave propagation perpendicular to the
direction of titled dipoles. We seek stationary solutions
of the nonlinear equations. We assume the steady state
in the comoving frame. Therefore, the dependence of
the time and space coordinates is combined in the single
variable ξ = x−ut. Parameter u is the constant velocity
of the nonlinear solution. Therefore, all hydrodynamic
functions depend on ξ and u. We also assume that per-
turbations vanish at ξ → ±∞. It gives the following
reduction of equations (3), (8), (21), (22), (23).
The reduced continuity equation is
− u∂ξn+ ∂ξ(nvx) = 0, (27)
where the time derivatives ∂t is replaced by −u∂ξ in ac-
cordance with the variable ξ introduced for the stationary
solution.
The reduced Euler equation is
−umn∂ξvx +mnvx∂ξvx + ∂ξT xxqf
= −gn∂ξn− n∂ξΦd. (28)
The Poisson equation (8) transforms to
∂2ξΦd = −4piµ2∂2ξn. (29)
The reduced pressure evolution equation is
− u∂ξT xxqf + ∂ξQxxxqf = 0. (30)
Equation for the evolution of quantum-thermal part of
the third rank tensor is:
− u∂ξQxxxqf =
h¯2
4m2
n
(
3g2∂ξn+ ∂
3
ξΦd
)
, (31)
where we have the source for the dispersion of the nonlin-
ear wave presented by the third derivative of the potential
Φd (7).
The neglecting of the quantum Bohm potential (12)
in the Euler equation corresponds to the following re-
striction for the velocities of the soliton propagation
u2 ≪ µ2n0.
B. Derivation of the soliton solution
The continuity equation (27) can be integrated
n(vx − u) = −un0, (32)
where we use the boundary conditions with nonzero con-
centration at infinity n(ξ → ±∞) = n0, and zero value
of velocity at infinity vx(ξ → ±∞) = 0.
The Euler equation (28) can not be integrated at this
stage due to the third term, which is caused by the quan-
tum fluctuations, which is proportional to
∂ξT
xx
qf
n
. It will
be considered later after the analysis of solution for T xxqf .
The derivative of the second rank tensor T xxqf is pre-
sented via the derivative of the third rank tensor Qxxxqf
by equation (30). Equation (30) can be integrated, but
it is not necessary since we need the derivative of the
second rank tensor ∂ξT
xx
qf for the Euler equation (28).
The derivative of the third rank tensor ∂ξQ
xxx
qf is found
from equation (31). The extra multiplier n in front of
the third derivative of the potential Φd is canceled in
expression
∂ξT
xx
qf
n
, so the final form of the Euler equation
can be integrated.
Equation (29) can be integrated twice. After first in-
tegration including the zero derivatives of the concentra-
tion and the potential of electric field at infinity we have
∂ξΦd = −4piµ2∂ξn. (33)
Next, we make the second integration to find the expres-
sion of the potential:
Φd = −4piµ2(n− n0). (34)
The final expression for the derivative of the second
rank tensor is following:
∂ξT
xx
qf = −
1
u2
h¯2
4m2
n
(
3g2∂ξn+ ∂
3
ξΦd
)
. (35)
It gives the following form of the Euler equation:
m(−u)∂ξvx − 1
u2
h¯2
4m2
(
3g2∂ξn− 4piµ2∂3ξn
)
+mvx∂ξv
x = −g∂ξn+ 4piµ2∂ξn, (36)
where the potential of electric field Φd is expressed via
the concentration in accordance with equation (33).
We integrate Euler equation (36)
m(−u)vx + 1
2
mv2x −
1
u2
h¯2
4m2
(
3g2(n− n0)− 4piµ2∂2ξn
)
+ (g − 4piµ2)(n− n0) = 0. (37)
The third and fourth terms can be combined together
since they are proportional to n−n0. Hence, the quantum
fluctuations caused by the short-range interaction gives
the variation of the Gross-Pitaevskii interaction constant
g.
The dipolar part of the quantum fluctuations plays
the crucial contribution in the formation of novel soli-
ton. Equation (37) becomes the differential equation due
8FIG. 3: The Sagdeev potential as the function of the dimen-
sionless deviation ∆ = (n − n0)/n0 of the concentration n
from the equilibrium value n0 is demonstrated for the rela-
tively large values of the effective interaction constant G. Dis-
appearance of the area of negative potential is demonstrated
at the increase of the parameter G.
to the dipolar part of the quantum fluctuations. If we
drop the dipolar part of the quantum fluctuations we ob-
tain the constant value of concentration. It means that
no soliton exist in this limit.
Using the integral of the continuity equation (32) we
express the velocity via the concentration. Hence, equa-
tion (37) becomes the equation relatively one function:
∂2ξn+
m3u2
piµ2h¯2
f(n) = 0, (38)
where
f(n) = −1
2
mu2
n2 − n20
n2
− 1
u2
h¯2
4m2
3g2(n− n0)
+ (g − 4piµ2)(n− n0). (39)
Equation (38) can be integrated to obtain the ”energy
integral” in the following manner
1
2
(∂ξn)
2 +
m2u2
piµ2h¯2
Veff (n) = 0, (40)
where Veff (n) is the Sagdeev potential
Veff (n) = −1
2
mu2
(n− n0)2
n
+
1
2
(
g − 4piµ2 − 1
u2
h¯2
4m2
3g2
)
(n− n0)2. (41)
C. Justification of the simplified equations
Consider full set of equations (3), (5), (13), (18) for
the one dimensional case to estimate the contribution of
the dropped terms:
∂tn+ ∂x(nv
x) = 0, (42)
FIG. 4: The Sagdeev potential as the function of the dimen-
sionless deviation ∆ = (n−n0)/n0 of the concentration n from
the equilibrium value n0 is demonstrated for the relatively
large values of ∆. Here, the amplitude of soliton becomes
large enough to brake regime of existence of the simplified
hydrodynamic equations.
mn∂tv
x +mnvx∂xv
x + gn∂xn+ n∂xΦd
+ ∂xT
xx
qf =
h¯2
2m
n∂x
∂2x
√
n√
n
, (43)
∂tT
xx
qf + ∂xQ
xxx
qf = −vx∂xT xxqf − 3T xxqf ∂xvx, (44)
and
∂tQ
xxx
qf −
h¯2
4m2
n
(
3g2∂xn+ ∂
3
xΦd
)
= −vx∂xQxxxqf − 4Qxxxqf ∂xvx +
3
mn
T xxqf ∂xT
xx
qf , (45)
where the left-hand side in equations (43), (44), (45) con-
tains the terms used in the simplified regime. The right-
hand side gives the terms dropped earlier for their further
estimation.
Equation (40) shows existence of the soliton solution
for the concentration. Equations (27)-(35) allows to ex-
press other hydrodynamic functions via the concentra-
tion:
v˜x = u
(
1− n0
n
)
. (46)
Transition to the frame comoving with the soliton we
change ∂t on −u∂ξ and ∂x = ∂ξ. Equation (31) can
be integrated and we obtain corresponding simplified ex-
pression of tensor Qxxx:
uT˜ xxqf = Q˜
xxx
qf =
3h¯2
8m2u
g2n
2+
pih¯2µ2
m2u
n∂2ξn−
pih¯2µ2
2m2u
(∂ξn)
2,
(47)
9where equation (30) is used to get solution for T xxqf in the
simplifies regime. Next, we use this solution to integrate
the right-hand side of equation (45).
The right-hand side of equation (45) contains the
following combination of the hydrodynamic functions
v˜x∂xQ˜
xxx
qf + 4Q˜
xxx
qf ∂xv˜
x. Using solution (47) this combi-
nation can be found as the function of the concentration
v˜x∂xQ˜
xxx
qf +4Q˜
xxx
qf ∂xv˜
x = − h¯
2
4m2
(n−n0)[3g2∂ξn−4piµ2∂3ξn]
−3h¯
2
m2
g2n0
(∂ξn)
2
n
+
4piµ2h¯2n0
m2
(∂ξn)
n
∂2ξn−
2piµ2h¯2n0
m2
(∂ξn)
3
n2
.
(48)
Here, we obtain the generalized expression for the
derivative of the third rank tensor via the concentration
∂ξQ
xxx
qf = −
1
u
{
h¯2
4m2
n
(
3g2∂ξn− 4piµ2∂3ξn
)
+
h¯2
4m2
(n− n0)[3g2∂ξn− 4piµ2∂3ξn] +
3h¯2
m2
g2n0(∂ξn)
− 4piµ
2h¯2n0
m2
(∂ξn)
n
∂2ξn+
2piµ2h¯2n0
m2
(∂ξn)
3
n2
}
, (49)
where the last term of equation (45) 3
mn
T xxqf,0∂xT
xx
qf,0 is
dropped since it is proportional to h¯4 (see equation (47)).
Next, we use equation (49) to find the right-hand side
of equation (45) and we use (47) to find the right-hand
side of equation (45)
∂ξT
xx
qf = −
1
u2
{
h¯2
4m2
n
(
3g2∂ξn− 4piµ2∂3ξn
)
+
h¯2
2m2
(n− n0)[3g2∂ξn− 4piµ2∂3ξn] +
15h¯2
8m2
g2n0(∂ξn)
− 7piµ
2h¯2n0
m2
(∂ξn)
n
∂2ξn+
7piµ2h¯2n0
2m2
(∂ξn)
3
n2
}
, (50)
where the right-hand side is given by
v˜x∂xT˜
xx
qf + 3T˜
xx
qf ∂xv˜
x
=
(
1− n0
n
)
∂xQ˜
xxx
qf + 3n0Q˜
xxx
qf
∂xn
n2
= − h¯
2
4m2u
(n− n0)[3g2∂ξn− 4piµ2∂3ξn]
+3n0
∂ξn
n2
[
3h¯2g2
8m2u
n2+
pih¯2µ2
m2u
n∂2ξn−
pih¯2µ2
2m2u
(∂ξn)
2
]
. (51)
Expressions (46) and (50) are substituted in the Euler
equation (43) to get equation for the concentration n. It
gives the generalization of equation (36)
−umn∂ξvx +mnvx∂ξvx + gn∂ξn+ n∂ξΦd
=
h¯2
2m
n∂ξ
∂2ξ
√
n√
n
+
1
u2
{
h¯2
4m2
n
(
3g2∂ξn− 4piµ2∂3ξn
)
+
h¯2
2m2
(n− n0)[3g2∂ξn− 4piµ2∂3ξn] +
15h¯2
8m2
g2n0(∂ξn)
− 7piµ
2h¯2n0
m2
(∂ξn)
n
∂2ξn+
7piµ2h¯2n0
2m2
(∂ξn)
3
n2
}
. (52)
The second term on the right-hand side causes the soli-
ton obtained in this paper. The third term has similar
structure, but (n−n0) is placed instead of n. Therefore,
the third term can be dropped if n ≈ n0. Consequently,
parameter ∆≪ 1 is small.
